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Abstract
Because of all the known integrable models possess Schwarzian forms with Mo¨bious trans-
formation invariance, it may be one of the best way to find new integrable models starting
from some suitable Mo¨bious transformation invariant equations. In this paper, the truncated
Painleve´ analysis is used to find high dimensional Schwarzian derivatives. Especially, a three
dimensional Schwarzian derivative is obtained explicitly. The higher dimensional higher or-
der Schwarzian derivatives which are invariant under the Mo¨bious transformations may be
expressed by means of the lower dimensional lower order ones. All the known Schwarzian
derivatives can be used to construct high dimensional Painleve´ integrable models.
1 Introduction
Soliton as the most basic excitation of the integrable models has been widely applied in natural
science[1]. However, most of the present studies of the soliton theory and soliton applications
are restricted in (1+1)- and (2+1)-dimensions. The essential reason is the lack of known higher
dimensional integrable systems.
Actually, to our knowledge, almost all the known integrable (1+1)- and (2+1)-dimensional
models possess Schwarz invariant forms which are invariant under the Mo¨bious transformation
(conformal invariance)[2, 3, 5]. Starting from the conformal invariance of a known integrable
model, one may obtain various other interesting integrable properties. For instance, the confor-
mal invariance of the well known Schwarzian Korteweg de-Vries (SKdV) equation is related to
the infinitely many symmetries of the usual KdV equation[6]. The Darboux transformation[7]
and the Ba¨cklund transformation[2] can be obtained from the conformal invariance. In Ref. [8],
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it is pointed out that every (1+1)-dimensional Mo¨bious invariant model possesses a second order
Lax pair. The flow equation related to the conformal invariance of the SKdV equation is linked
with some types of (1+1)-dimensional and (2+1)-dimensional sinh-Gordon (ShG) equations and
Mikhailov-Dodd-Bullough (MDB) equations[9].
According to the above marvelous properties of the Schwarzian forms, in [5], one of the
present authors (Lou) proposed that starting from a conformal invariant form may be one of the
best ways to find integrable models especially in high dimensions. Some types of quite general
Schwarzian equations are proved to be Painleve´ integrable. In [10], Conte’s conformal invariant
Painleve´ analysis[11] is extended to obtain high dimensional Painleve´ integrable Schwarzian
equations systematically. Some types of physically important high dimensional nonintegrable
models can be solved approximately via some high dimensional Painleve´ integrable Schwarzian
equations[12].
In all our previous papers, we used only one dimensional Schwarzian derivative to find some
possible new integrable models especially in high dimensions. Now two important and interesting
questions are: Are there any high dimensional Schwarzian derivatives (high dimensional deriva-
tives with Mo¨bious transformation invariance) and can we obtain some new types of integrable
models by using high dimensional Schwarzian derivatives if there exist?
In the next section, we establish a possible way to obtain explicit high dimensional Schwarzian
derivatives from the Painleve´ analysis of partial differential equations (PDEs). In section 3, we
use the obtained (2+1)-dimensional Schwarzian derivatives to construct some generalized (2+1)-
and (3+1)-dimensional integrable models. The last section is a short summary and discussion.
2 Obtain high dimensional Schwarzian derivatives via truncated
Painleve´ analysis
It is known that the truncated Painleve´ analysis of the integrable models will lead to the
Schwarzian forms (which are invariant under the Mo¨bious transformation) of the original models.
For instance, substituting the truncated Painleve´ expansion
u =
u0
φ2
+
u1
φ
+ u2, (1)
into the Korteweg de Vries (KdV) equation
ut + uxxx + 6uux = 0, (2)
will lead to
6∑
i=0
Xiφ
i−6 = 0, (3)
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where Xi are functions of {u0, u1, u2} and the derivatives of {u0, u1, u2, φ}. To get the
Schwarzian form of the KdV equation, one can simply solve the equations
Xi = 0, i = 0, 1, ..., 6. (4)
For the KdV equation, first three equations (i = 0, 1, 2) of (4) give out the results for
{u0, u1, u2} while the fourth equation (i = 3) of (4) gives out the Schwarzian form
φt
φx
+ {φ; x}+ λ = 0, (5)
where λ is an arbitrary constant related to the spectral parameter and {φ; x} is the usual
Schwarzian derivative
{φ; x} ≡
φxxx
φx
−
3
2
φ2xx
φ2x
≡ S[x]. (6)
The remained equations (i = 4, 5, 6) of (4) are satisfied identically.
It is also known that the truncated Painleve´ analysis can be used to find some exact solutions
for non-completely integrable models[4]. In [5], it has been pointed out that starting from a
Mo¨bious transformation invariant form
G(S[xi], C [xjxk], i, j, k = 1, 2, 3...) = 0, C [xjxk] ≡
φxj
φxk
, (7)
where G is an arbitrary function of the indicated conformal invariant quantities, one may obtain
various integrable models by selecting the function G appropriately. Some concrete forms of G
have been given in [10].
It is natural that if one can find out more conformal invariant quantities, then one can include
these new conformal invariant quantities into the function G of (7). So the problem is now how
to find some more explicit independent conformal invariants. In this section we use simply the
truncated Painleve´ analysis to find some new conformal invariant quantities especially in high
dimensions.
As in the KdV case, for a concrete nonlinear PDE
F (xi, u, uxi , uxixj , ...) ≡ F (u) = 0, (8)
no matter whether it is integrable or not, the truncated Painleve´ expansion has the form
u =
α∑
i=0
uiφ
i−α, (9)
where α is a positive integer. Substituting (9) into (8), one may have
N∑
i=0
Xiφ
i−N = 0, N > α, (10)
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where Xi are functions of {u0, u1, ..., uα} and the derivatives of {u0, u1, ..., uα, φ}. Now to
find out possible conformal invariant quantities, we should solve the equations
Xi = 0, i = 0, 1, ..., N. (11)
α + 1 equations of (11) should be used to solve out {u0, u1, ..., uα}. Then substituting the
results into the remained equations may yield some of the conformal invariant equations and
one may find some new conformal invariants.
For concretely, we use the two dimensional elliptic φ4 model as a simple example
uxx + uyy = σu+ µu
3. (12)
Substituting (9) into (12), one can easily find that α = 1 and N = 3. The first two equations
(i = 0, 1) of (11) fix u0 and u1 as
u0 = ±
√
2
µ
(φ2x + φ
2
y), (13)
u1 = ±
1
6
√
2
µ
(φ2x + φ
2
y)
−3/2(φ2x(φxx + φyy) + 4φxφyφxy + f
2
y (3fyy + fxx)). (14)
Substituting (13) and (14) into the third equation (i = 2) of (11) yields a Schwarzian form
2C [yx](7(C [yx])2 + 9)(C [yx]x )
2 + 2((C [yx])2 + 3)(3(C [yx])2 + 1)C [yx]x C
[yx]
y
+C [yx](5− 9(C [yx])4)(C [yx]y )
2 − 6C [yx](1 + (C [yx])2)3(σ − S[yx])
+6C [yx](1 + (C [yx])2)2((C [yx])2S[xy] + C [yx]C [yx]yy + S
[x]) = 0 (15)
which is invariant under the Mo¨bious transformation, where
S[xy] ≡
φxxy
φy
−
φxxφxy
φxφy
−
1
2
φ2xy
φ2y
. (16)
The final remained equation (i = 3) of (11) is not a Mo¨bious transformation invariant equation.
From Eq. (15) with (16), we obtain not only the conformal invariant quantities C [yx] and
S[x] but also two more two dimensional conformal invariant quantities S[xy] and S[yx] which
can also be found in the truncated Painleve´ analysis of other two dimensional models like the
sine-Gordon equation[13]. When y = x, S[xy] and S[yx] are both reduced back to the usual
Schwarzian derivative S[x].
To find out possible three dimensional Schwarzian derivatives by using the truncated Painleve´
analysis, we should start from some three dimensional nonlinear PDEs. The following artificial
three dimensional model
uxyz − u
4 = 0 (17)
may be a simplest example to find a three dimensional Schwarzian derivative.
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Substituting (9) into (17), one can easily find that α = 1 and N = 4. u0 and u1 are fixed by
the first two equations of (11):
u0 = −(6φxφyφz)
1/3, (18)
u1 =
61/3
36(φxφyφz)5/3
(5φzφ
2
yφxφxz + 5φxφyφ
2
zφxy + 5φyφzφ
2
xφyz
+φ2yφ
2
zφxx + φ
2
yφ
2
xφzz + φ
2
xφ
2
zφyy). (19)
Substituting (18) and (19) into the third equation of (11) yields a Mo¨bious transformation
invariant equation
C [yx]
[
12
(
S[xy] + S[xz]
) (
C [zx]
)4
+
(
12S[zx] + 12S[zx] − 57
(
C [zx]x
)2)(
C [zx]
)2
−14C [zx]x C
[zx]
z C
[zx] −
(
C [zx]z
)2] (
C [yx]
)4
+
[
36
(
2S[xyz] − C [zx]x C
[yx]
x
) (
C [zx]
)3
+
(
12C [zx]z C
[yx]
x − 50C
[yx]
z C
[zx]
x
) (
C [zx]
)2
− 6C [zx]C [zx]z C
[yx]
z
] (
C [yx]
)3
+
[(
12S[yz]
−16
(
C [yx]x
)2
+ 12S[yx]
)(
C [zx]
)4
+
(
−32C [yx]z C
[yx]
x + 6C
[yx]
y C
[zx]
x
) (
C [zx]
)3
+
(
2C [zx]z C
[yx]
y − 9
(
C [yx]z
)2)(
C [zx]
)2] (
C [yx]
)2
+
(
−6
(
C [zx]
)3
C [yx]z C
[yx]
y
−8
(
C [zx]
)4
C [yx]y C
[yx]
x
)
C [yx] −
(
C [zx]
)4 (
C [yx]y
)2
= 0, (20)
where
S[xyz] ≡
φxyz
φx
−
φxxφyz
φ2x
−
φxxφyφxz
φ3x
−
φxxφzφxy
φ3x
+
3
2
φ2xxφzφy
φ4x
(21)
is a new three dimensional Schwarzian derivative. It is obvious that when z = y = x, the
three dimensional Schwarzian derivative S[xyz] shown by (21) is reduced back to the usual one
dimensional Schwarzian derivative.
In principle, the same procedure can be proceeded further to find higher order higher dimen-
sional Schwarzian derivatives. For instance, use the truncated Painleve´ analysis to the following
equation
uxyzt = u
3, (22)
we get a complicated four dimensional fourth order Schwarzian derivative which is a generaliza-
tion of the usual fourth order one dimensional Schwarzian derivative[15]. It is known that in
one dimensional case, higher order Schwarzian derivative can be calculated out from lower order
Schwarzian derivative S[x] [15]. The similar situation occurs for high dimensional high order
Schwarzian derivatives. The four dimensional fourth order Schwarzian derivative obtained from
the truncated Painleve´ expansion of (22) can also be expressed by the lower dimensional lower
order Schwarzian derivatives S[xyz], S[xy], S[xz], S[yz], S[x] and C [xy] etc. So here we do not
write down any complicated higher order higher dimensional Schwarzian derivatives.
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3 New high dimensional Painleve´ integrable Schwarzian equa-
tions
In this section we are interested in whether the obtained new high dimensional Schwarzian
derivatives can be used to construct new high dimensional integrable models. It is quite fortunate
for us to obtain various new higher dimensional integrable models by using the high dimensional
Schwarzian derivatives obtained from the last section. Here we list only some simple special
examples on the Schwarzian KdV type extensions.
3.1 (2+1)-dimensional Schwarzian KdV equation with two dimensional
Schwarzian derivatives
Usually, it is difficult to obtain isotropic higher dimensional integrable extension(s) of a known
lower dimensional integrable model. However, using the conformal invariants, to find some
isotropic higher dimensional integrable extensions becomes a straightforward work. For instance,
C [tx] + a1C
[ty] + a2S
[x] + a3S
[y] + a4S
[xy] + a5S
[yx] = 0, (23)
is obviously a (2+1)-dimensional isotropic extension of (1+1)-dimensional Schwarzian KdV equa-
tion.
By using the standard Painleve´ analysis, we know that Eq. (23) possesses one expansion
around the arbitrary non-characteristic manifold
φ =
∞∑
i=0
φiψ
i−1 (24)
with arbitrary functions {φ0, φ1, ψ} and the expansions around arbitrary characteristic manifold
φ = f0(x1, t) +
∞∑
i=0
φi(x1, t) (x2 + ψ(x1, t))
i+1
, (25)
for arbitrary {f0(x1, t), φ0(x1, t), φ1(x1, t), ψ(x1, t)}, and two
φ = f0(x1, t) +
∞∑
i=0
φi(x1, t)(x2 + ψ(x1, t))
i+3, (26)
for arbitrary f0(x1, t) and ψ(x1, t), where {x1, x2} = {x, y} or {x1, x2} = {y, x}. From the
expansions (24)–(26), we know that all the solutions of the (2+1)-dimensional Schwarzian KdV
equation are single valued about arbitrary non-characteristic and characteristic manifolds and
then the model is completely integrable[14].
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3.2 (3+1)-dimensional Schwarzian KdV equation with three dimensional
Schwarzian derivative
Using the three dimensional Schwarzian derivative S[xyz], we can obtain the simplest (3+1)-
dimensional Schwarzian KdV equation
C [tx] + S[xyz] = 0 (27)
which can be reduced back to the usual (1+1)-dimensional Schwarzian KdV equation obviously.
Using the standard Painleve´ analysis one can easily prove that the (3+1)-dimensional Schwarzian
KdV equation (27) is Painleve´ integrable. Actually, the Schwarzian KdV equation (27) possesses
the non-characteristic singularities of the form
φ =
∞∑
i=0
φiψ
i−1 (28)
with arbitrary φ0, φ1, ψ and the characteristic singularities of the forms
φ = f0(y, z, t) +
∞∑
i=0
φi(y, z, t)(x + ψ(y, z, t))
i+1, f0, φ0, φ1, ψ arbitrary, (29)
φ = f0(x, y, t) +
∞∑
i=0
φi(x, y, t)(z + ψ(x, y, t))
i+1, f0, φ0, φ1, ψ arbitrary, (30)
φ = f0(y, z, t) +
∞∑
i=0
φi(y, z, t)(z + ψ(y, z, t))
i+3, f0, ψ arbitrary, (31)
and
φ = f0(x, y, t) +
∞∑
i=0
φi(x, y, t)(z + ψ(x, y, t))
i+3, f0, ψ arbitrary (32)
which means all the solutions of (27) are single valued about arbitrary manifold no matter
whether the manifold is non-characteristic or characteristic.
Furthermore, one can prove that the generalized high dimensional Schwarzian KdV type
model
N∑
i=0
aiS
[xi] +
N∑
i=0
N∑
j=0
bijS[xixj ] +
N∑
i=0
N∑
j=0
N∑
k=1
cijkS[xixjxk] + g(C
[xixj ]) = 0, (33)
for some suitable polynomial functions of C [xixj ], g(C [xixj ]), are Painleve´ integrable.
4 Summary and discussions
In summary, applying the truncated Painleve´ analysis to high dimensional high order PDEs,
one may obtain some types of high dimensional high order Schwarzian derivatives. Especially,
an explicit three dimensional Schwarzian derivative is derived from a three dimensional PDE
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while n (n ≥ 4) dimensional m (m ≥ 4) order Schwarzian derivatives which are invariant under
the Mo¨bious transformation can be expressed by means of the lower dimensional lower order
Schwarzian derivatives.
Using two dimensional and three dimensional Schwarzian derivatives, we may obtain vari-
ous new Painleve´ integrable models. Some of high dimensional Painleve´ integrable KdV type
Schwarzian equations are given.
Though the Painleve´ property is considered as a sufficient condition of the integrability, and
many of other integrable properties like the Lax pair, symmetries, Ba¨cklund-Darboux transfor-
mation and multi-soliton solutions can be obtained from the usual Painleve´ analysis for (1+1)-
and (2+1)-dimensional models, it is still open how to obtain other integrable properties from
the Painleve´ analysis in higher dimensions especially in (3+1)-dimensions. The more about the
high dimensional Schwarzian derivatives and the related high dimensional integrable models is
worthy of studying further.
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